Trigonometric Substitutions for the
Evaluation of Definite Integrals

The substitution ¢ =tan [gj

The substitution t = tan (%] gives:

_ 32
tanx = 2t2, sinx:iz, Cosle—t2 and dx:i
1 1+t

—t + 1+t 1+t

dt

To show this recall the trignometric identity:
2tan A
1-tan’ A

tan2A =

Then, substituting A = %

2tan (ij
2

tanx=———°7_
1—tan2(§)
2
s tanx = th
1-t¢

So, if we interpret x as an angle, this gives us the triangle:

2t

1-t2

The hypotenuse of this triangle is found by Pythagoras’s Theorem:
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hypotenuse = (Zt)2 + (1 +12 )2
=Vars1-20 +¢*
= (t2 + 1)2
=t*+1

Hence,

2t

Whence

2t
1+0°
1-¢°
1+t

sinx =

COSX =

Finally, if t = tan [gj

then x=2tan't

cdx 2

Tdt 1+¢

ndx=—2_ dt
1+t

Solving integrals involving trigonometric functions

Definite and indefinite integrals involving trigonometric functions can sometimes be

evaluated by use of the substitution t = tan (%] .

Example (1)

Evaluate jcosec X dx

Solution

1 1 2 1 X
ICOSQCXdX_Isinx dx—J T dt—'[? dt—lnt+c—ln[tan[2n+c

1+¢°
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Example (2)

Find the integral of sec x

Solution
Isecxdx:j dx
CcoS X
1 2
= —_— 7dt
I 1-¢? 1+
1+ ¢
2
I1—tZ
1

=11 dt + % dt [By decomposition into partial fractions.]
+ —

=Infl+tf-Inl-t|]+c=In

1+t
—+c
1-t

It can be further shown, by use of trignometric identities, that
1+t

—— =secx + tan x.

1-t

Hence,

Jsecx dx =In(secx +tanx) +c

Example (3)

X
1+ cosx [1—tZJ 1+t
1+

2
sin x B (Wj 2 oo 2(1+1%) o
J - I “ J‘(1+t2)2x(1+t2+1—t2) dt_I1+t2 dt

1+¢
=In(l1+t*)+c= ln(l + tan’ [;D +c= ln(sec2 [;D +c
The substitution ¢ =tan x

Another substitution that facilitates the integration of some trigonometric functions is
t=tan x
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If t=tanx then x=tan™'t

dx_ 1

Tdr 1+t

So, dx=—— 1 dt
1+¢°

Also, since tan®x +1=sec’x
then, sec®x=1+t¢t

Hence, the set of substitutions is:
t=tanx
sec?x =1+t

1

dx = —— dt
1+t

Example (4)
1

J‘ 1 i dx=j cos® x dx
1+sin°x 1 Sll’l X

coszx cos® x

SeC X
—I dx
SQC X + tan X
2
_ J' 1+t 1 dt

1+t2+t2 (1+t2)

:I1+2ﬁ

zj‘il - dt = —tan (\/—t)+C— 1
1

- ((\/E) t) NG NG tan™ (\/E tan x) +c

Example (5)
1

J‘ 1 : dx:j cos® x dx
1+cos”x 1 cos X

cos® x cos b%
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Example (6)

J-2tanx
COS2x

sec? x

7J‘sec x+1

2
1+t 1 dt

,J‘(

_I(SBCZ'ZXJ_I

2
_I -(1+¢*) T

1+t2+1)x(1+t2)

2tan x

:'[ZCOSZX—I

2tan x dx

J2tanxsec X
2 -—sec’x

t(1+t2) L

2t

——ln‘l—tz‘+C:—ln‘1—tan2x‘+c
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