Integrands that integrate to inverse
trigonometric functions

The function that integrates to sin™ x

Lety =sin™ x
Then x =sin y
So, since y is a function of x we can differentiate it implicitly with respect to x. Hence

@:cos xd—y
dx Y dx

Since dx =1 that gives us
dx

dy__ 1
dx cosy

By the trigonometric identity sin?y + cos®y =1

cosy =+/1-sin’y =1 -x?

Hence
dl B 1
dx \1-x*

and so by integrating both sides

j 1 dx:j%:sin‘1x+c

N1-x°
In a similar way we can show that
1 1
J‘—%dx =C0S" X+C
V1-x?

dx=tan'x+c

1
jl+x2

Example (1)

Prove I dx=tan'x +¢

1+x°
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Solution
Lety =tan™ x
Then x =tan y

ax dy
dx_seC yxdx

Since dx =1 that gives us
dx
dy 1
dx sec’y
By the trigonometric identity sec’y =1 + tan® y

dl_ 1
dx 1+

1 dy -
jl+x2dx:jaztanlx+c

Integrands of the form
32 —XZ

We have already shown that
d . 1
—sin™ x =

dx 1- xz

Differentiation of disin‘l (ij by the chain rule gives
X a

d _l(xj 1 1
—sin S
dx a Y} 4
1_ 7)
a

|
X
\
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Integrands of the form r and ——
32 _XZ a +x

In a similar way we can show that
X
dx = cos” [ j +cC

e

I%dx:ltan‘l(iJJrc
a’+x a a

Example (2)

ProveJ' 21 2dx:ltaln‘l[§j+c
a’+x a a

Solution
d (1 I[XD 1 1 1
—|—tfan" | —||==X| —5 [X—
dx\ a a a X a
1+(—]
a
1 [
a \a®+x°
B 1
a’ +x?
Therefore

I%dx:ltan‘l(iJJrc
a’ +x a a

Example (3)

1
Integrate | ————dx
I V16 — x*
Solution

This is an application of the formula dx =sin” ( j+ c with a=4
a

1
e

Hence

dx =sin” [Xj+c

j\/16 X2
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