Hyperbolic ldentities

Prerequisites

You should be familiar with the basic trigonometric identities.

Basic identities
sin A
COS A

tan A =

sin? A +cos*A=1

tan’A+1=sec’ A

Odd and even functions
sin(-A)=-sin A
coS(-A) =cos A

tan(-A)=-tan A

Double angle formulae
Sin2A =2sin Acos A
C0S2A = cos® A —sin’ A
=2cos’A-1
=1-2sin’ A
2tan A
1-tan® A

_C0s2A+1
2

tan2A =

cos* A

The aim of this chapter will be to demonstrate certain hyperbolic analogues to these identities.

Hyperbolic identities

First formula
The hyperbolic analogue of sin®? A +cos’A=1 is

cosh?x —sinh’x =1
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Note that in this formula the plus (+) in sin’ A + cos? A =1 is replaced by a minus (-) in

cosh®’x —sinh®’x =1

Proof

cosh” x —sinh” x = (cosh x — sinh x)(cosh x + sinh x)

Now coshx —sinhx = %(e" +e’x)—%(e" —e”‘)

Lo x o ox o x
_E(e —e et ve™)
=X
Coshx+sinhx=1(e"+e’x)+l(ex—e’x)

2 2

=1 e +ef +e ¥ -
2

=e*

-.cosh?’x—sinh’x=ee¥=e**=¢" =1

Second formula

The hyperbolic analogue of tan® A +1=sec’* A is

1-tanh?x = sech®

Proof

cosh?x —sinh*x =1
cosh®’x sinh®*x 1
cosh?’x cosh’x cosh’x
1-tan®x = sech®x

Third formulae
The hyperbolic functions exhibit similar

symmetry and anti-symmetry properties to the

trigonometric functions. Hyperbolic cosine is an even function; hyperbolic tan and hyperbolic

sine are odd functions.
cosh(-x) =cosh x

sinh (-x) = -sinh x
tanh (-x) = -tanhx

These are proven from their definitions. For example

sinh (-x) :%(e‘x —e*) = —%(eX —e‘x) =-sinh x

The graphs of the hyperbolic functions illustrate these properties. Cosh xis an even function.
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cosh(-x) cosh(x)

Sinh xis an odd function.

y
A
sinh x {— /
- . x
""""""" sinh(-x)
Tanh is also an odd function.
y
A
tanh x |---------=
—X p% > X
Sl tanh (-x)
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Fourth formula
In the proof of the first formula we have already shown that

coshx +sinh x =e*
coshx -sinhx =e™

Fifth formula
The analogue of the double angle formula of sinh xis

sinh 2x = 2sinh x cosh x

Proof

sinh2x = %(ezx -e™)

=%(eX —e)(er+e™)

= %sinh xcosh x

Sixth formula
The analogue of the double angle formula for cosh xis

cosh2x = cosh?® x + sinh® x
=2cosh?x-1
=1+2sinh?*x

Proof

cosh? x + sinh? x = [

N |~

(e + ex)}2 + E(e" —e )T
1

= Z{(e* )2 +2e%e™ + (e )2 +(e* )2 —2e%e™ + (e )2}
= %{Zez" +2e}

:%( 2X +e—2x)

=cosh 2x

. cosh 2x = cosh? x + sinh? x

But cosh?x —sinh?x =1

so cosh? x =1+ sinh?x and sinh® x =1 + cosh® x
Hence, cosh2x =2cosh?x-1=1+2sinh’x
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